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The relationship between the correlation coefficients for stepwise formation constants (K) and 
cumulative formation constants (p) is derived and discussed. The correlation between pairs of 
cumulative formation constants in a non-linear least-squares fit does not generally reflect the 
correlation between the underlying stepwise formation constants. The consequences of these 
results are discussed. 
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INTRODUCTION 

Increasingly the quantitative description of metal complex stability and 
equilibria are of concern to chemists in fields as varied as environmental 
monitoring of toxic metals' and medical diagnostic agents based on metal 
ions.z3v4 Consequently much more information on stability constants for 
metal complex formation is appearing in the literature. While the use of 
such data is generally well understood, the limitations due to correlations 
between the parameters is not generally appreciated. It is the purpose of this 
article to illustrate the marked differences in the apparent correlation 
of chemical equilibria as described by cumulative vs. overall stability 
constants. 

* Corresponding author. E-mail: raymond@garnet.berkeley.edu. 
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52 K.N. RAYMOND AND J.M. McCORMICK 

In general the theory of solution thermodynamics writes equilibrium 
reactions as cumulative formation constants (Pmgh) corresponding to the 
formation of a complex of composition MmLtHh. The M,LtHh are regarded 
as having been formed by an equilibrium reaction 
metal ion (M), free deprotonated ligand (L) and 
respectively (1). 

involving the aqueous 
aqueous protons (H), 

Many least-squares refinement programs carry out their computations 
using these overall formation  constant^,^'^ although others also refine on 
the stepwise formation constants, Kpa The &gh and the Kj form two dif- 
ferent basis sets for the mathematical description of the same physical pro- 
cess. Since these are product relationships the logarithmic values are 
linearly related. What may not be obvious is that as a consequence of this 
relationship there is a great difference between correlations involving one 
set of variables vs. the other set. It will be demonstrated that the Pd,, con- 
stants tend to be highly correlated even if there is little or no correlation 
between the underlying Ki constants, and a method to convert the correla- 
tion coefficients of the Pmgh to those of the Ki will be presented. 

RESULTS AND ANALYSIS 

For the set of individual observations yi, a non-linear least-squares fit seeks 
to minimize the difference between the observed and calculated values of 
the observations (2). 

m 

i= 1 

For potentiometric titrations the yi are pH values, while for spectro- 
photometric titrations they are absorbances. In a non-linear least-squares 
refinement the derivatives of the functional parameter with respect to the 
variable parameter, D ,  are a key part of the calculation. Suppose for the 
moment that the logKj are being refined, then the D, are given by (3). 

Dg = (byi/&lOgKj) (3) 

If m and n are, respectively, the total number of observations and vari- 
ables, then D is an m by n matrix. The variance-covariance matrix S for 
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the non-linear least squares fit is given by (4),' 

s = (-) R ( ~ 7 ~ 1 - 1  

m - n  (4) 

where the superscript T denotes the transpose of the matrix. The sig- 
nificance of the variance-covariance matrix is that it summarizes the 
errors in the refined parameters. Defining the individual standard devia- 
tions of the ith refined parameter as ui, and the correlation of the ith 
refined parameter with thejth refined parameter as cil allows us to write 
the elements of the variance-covariance matrix as (5). 

s.. - u.(Tc.. (5) r l -  I J r l  

The definition of the cumulative stability constants are such that they are 
products of the underlying stepwise formation constants as formally 
defined below: 

When this is converted into a logarithmic form (the logarithms of the for- 
mation constants are usually the variables being reported and refined), the 
equation becomes: 

e 

j=l 
log pf = c log Kj (7) 

From this we see that the linear relationship between ,@s and K s  is given 
by a lower triangular matrix L which relates the column vector of logK 
values to a column vector of logp values (s).* 

(8) -- slOgpe - L O = ~  o r O f o r j < f a n d  = O f o r j  > t  
5 log Kj 
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The derivative chain rule gives: 

From the original derivative equation (3) it is clear how the transforma- 
tion from K s  to p l s  changes the derivative equation. Thus we obtain (lo), 
where Pie = (Syi/G log Be) and L is from (7). 

D = PL= (10) 

The determinent of L is 1, hence the inverse of L exists so that we can 
write: 

P = D(L-')* (11) 

Now let Q be the variance-covariance matrix for the log 0 values (12), 

Q=-- m - n  R (PTP)-' = (L) m - n  [(L)-'DTD(L-1)7]-1 (12) 

which leads to (13) 

Q = LSLT (13) 

by matrix inversion rules, and implies (14). 

s = L - ' Q ( L - ~ ) ~  (14) 

The transformation equations (13) and (14) describe how the variance- 
covariance matrices (and hence the standard deviations and correlation 
coefficients) are related. As specific examples consider the following cases: 

Example 1 

Assume that there are three formation constants (IogK,, logK2, logK3) 
which have zero correlation and individual standard deviations of PI, 82,  

g3. The corresponding log pp are given by the following equations: 
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CORRELATION BETWEEN K AND B 55 

The L matrix that relates the log Pe to the log KI is thus: 

and the correlation matrix S of the logKi is: 

The variance-covariance matrix for the log Be is then: 

This gives new 0 values for logP1 through log& of 0 1 ,  

( ~ 1 ~ + ~ 2 ~ + 0 3 ~ ) ” ’  respectively. The correlation matrix is then given by 
cii = Qii/u,up To see how this changes the numerical values, suppose that the 
estimated standard deviations in the log Ki are all about the same value, so 
01 = a2 = 0 3  = d o g  K). Then o(log P,) = c(log K), dlog p2) = ,/2u(log K), 
u(log p3) = ,/3u(log K) and c12 = 1/,/2, c13 = 1/,/3, ~ 2 3  = ,/2/3. The original 
zero correlation between the log Ki now gives an 81.8% correlation between 
log p2 and log P3! 

Example 2 

In a determination of the protonation constants of TRENCAM? the values 
for the sequential protonation constants shown in Table I were obtained. 
The estimated standard deviations (a(log pe)) shown for the cumulative pro- 
tonation constants were obtained from the refinement program.” The 
upper half of the symmetric variance-covariance matrix for the log& 
values obtained in the same fit is shown in Table 11. The parameters are 
highly correlated, with all of the correlation coefficients nearly 90% or lar- 
ger. It is somewhat difficult to make sense out of the correlations with 
respect to the values of the observations, but using the protocol presented 
here the corresponding correlation coefficients for the stepwise formation 
constants can be calculated and are shown in Table 111. These calculations 
are conveniently performed using the matrix manipulation functions of a 
commercial spreadsheet (a Microsoft Excel spreadsheet of this calculation is 
included as Supplemental Material). 
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TABLE I Cumulative and stepwise stability constants for TRENCAM with 
their estimated standard deviations as determined from the variance-covariance 
matrix of the non-linear least-squares refinement and the procedure described in 
the text 

1 1 1.3456 0.0078 11.3456 0.0078 
2 20.1257 0.0076 8.7801 0.00326 
3 28.7425 0.0078 8.6168 0.00329 
4 35.4688 0.0081 6.7263 0.00275 
5 41.3288 0.0081 5.8600 0.00280 

TABLE I1 Correlation coefficient matrix of the log Pe for TRENCAM 

# 1 2 3 4 5 

1 1 .oooo 0.9105 0.9754 0.9253 0.9346 
2 1 .oooo 0.9093 0.8857 0.8814 
3 1 .oooo 0.9407 0.9550 
4 1 .oooo 0.9401 
5 1 .woo 

TABLE 111 Correlation coefficient matrix of the log Ki for TRENCAM 

# 1 2 3 4 5 

1 1 .oooo -0.2697 0.2095 -0.041 1 0.0269 
2 1 .oooo -0.8604 0.1673 -0.0932 
3 1 .woo -0.2241 0.1268 
4 1 .ow0 -0.6261 
5 1 .moo 

It is clear from Table I11 that there is only one large correlation, between 
parameters 2 and 3, which is not surprising given that both these protona- 
tions are occurring in the same pH range. This result is not obvious if one 
were to only consider the correlations of the log@) values given in Table 11, 
but would be if the refinement had been on the log(K) values. Since statisti- 
cally independent protonation sites with equal acidities will give apparent 
pK,'s that are separated by 210g(2)," the 0.1 pK, difference in the protona- 
tion constants is at or below the true resolution limit. These two protona- 
tion constants are highly correlated; their sum is known very accurately, but 
their individual values are not. 

CONCLUSION 

Analysis of the relationship between the correlation coefficients found 
in non-linear least squares for stepwise formation constants and the 
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57 CORRELATION BETWEEN K AND D 

cumulative formation constants demonstrates that care must be taken in 
interpreting the correlation coefficients between these thermodynamic param- 
eters. The cumulative formation constants ( p d h )  may be highly correlated 
even when the underlying stepwise formation constants (Ki) are uncorre- 
lated. It is, therefore, prudent to check the correlation coefficients between 
both the logpnrur and the Ki before interpreting potentiometric or spectro- 
photometric titration data. 
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